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Abstract 



(N 

a^ 

,^ i We compute the emission spectrum of minimally coupled particles with spin 

that are Hawking radiated from four dimensional black holes in string theory. 
For a range of the black hole parameters the result has a product structure that 
r~| , may be interpreted in terms of the respective right- and left-moving thermal 

correlation functions of an effective string model. For spin-one and spin-two 
particles a novel cancellation between contributions to the wave function is 
needed to ensure this outcome. The form of the spectra suggests that the four- 
th I dimensional effective string description is "heterotic": particles with spin are 
emitted from the right-moving sector, only. 



1 Introduction 

Recently a precise correspondence has been established between black holes and col- 
lective states in string theory (for review see, e.g., [^). One of the results of these 
developments is that, in some cases, a classical black hole behaves as an effective 
string. The relevant low energy excitations of this effective description are the right- 
and left-moving modes of the string. A characteristic feature of this interpretation is 
that two independent inverse temperatures (3r^l can be introduced. Their physical 
significance becomes apparent when Hawking radiation is interpreted microscopically 
as the result of colliding right- and left-moving excitations. In the simplest case of 
minimally coupled scalar fields this yields a emission spectrum with the characteristic 
factorized form 0, 0]: 



where Pr and Pl are polynomials in the frequency, with coefficients that depend on 
the inverse temperatures Pr and Pl, respectively. 

The identification of the black hole with an effective string faces a stringent test 
in the comparison of the emission spectrum with the semi-classical result given by 
Hawking [H: 

1 d^k 

rem(^) = ^absH ^^^,_^ J^ , (2) 

where crabs(^) is the classical absorption cross-section for scalar particles impinging 
on the black hole and Ph = \{Pr + Pl) is the inverse Hawking temperature. The 
agreement between the two descriptions requires: 

It is a striking confirmation of the effective string description that the absorption 
cross-section indeed takes this form for a large range of the black holes backgrounds 
and energy ranges of the scattered particles. 

The functions -Pr,l(^) have been calculated in the effective string theory for min- 
imally coupled scalars in the S-wave and in this case a complete agreement with has 
been established that includes the numerical coefficient 0, ^. Scalar particles with 
orbital angular momentum or non-minimal couplings are presently understood with 
less precision, because in these cases it is not known how to calculate fully the func- 
tions Pr^l{^) in the effective string theory. However, qualitative arguments indicate 
that multiparticle interactions could account for these processes §, P, [7|, 3; PI P^ 



It is therefore reasonable to take an absorption cross-section of the form eq. |^ as 
evidence for some underlying effective string description, even though the specifics of 
this theory remain unknown. 

The purpose of the present paper is to calculate greybody factors for the minimally 
coupled massless particles with spin-1/2, spin-1 and spin-2 in the background of static 
four- dimensional black holes that are parametrized by 4 U{1) charges (a prototype 



black hole solution of toroidally compactified string theory [11, 1^.) . The work is a 
contribution to a broad program to address the dynamical properties of black holes 
in string theory and thus further shed light on the microscopic structure of such black 
holes, in particular to elucidate the effective string interpretation. 

The work also serves as a step toward a complete decoupling of the full set of 
perturbation equations for particle with different spins. We therefore report on partial 
results that are more general than are strictly needed here. Other recent work on 
greybody factors for particles with spin can be found in [p!3| , |14[ ^, [1^ . 



Let us summarize the main results. In the simplest case of massless (minimally 
coupled) Weyl fermions the absorption cross-section takes the following form: 

where again Pr and Pl are polynomials in the frequency that depend on (5^ and /3l, 
respectively. A striking feature of this expression is the Fermi-Dirac factor e^^"^ + 1 in 
the numerator, which precisely cancels the Fermi-Dirac factor in Hawking's expression 
for the emission rate: 

1 (^k 

rem(^) = ^absM ^^^,^^ "^^ , (5) 

and thus yields an emission rate that is compatible with an interpretation as a cor- 
relation function in a weakly coupled effective string theory. In this description of 
emission the statistical factors in the denominator of eq. ^ have their origin as phase 
space factors of the right- and left-moving string states. The fact that the right- 
moving factor is of the Fermi-Dirac type while the left factor is of the Bose-Einstein 
type indicates that the effective string theory for the four dimensional black hole is 
"heterotic", i.e. the right-moving sector has both fermionic and bosonic degrees of 
freedom, while the left-moving sector has only bosonic degrees of freedom. It has 
previously been observed that the entropy formula for rotating black holes in four 
dimensions suggests that the angular momentum is carried only by the right-moving 
modes |jl^ 0] . This is in harmony with our result because it is exactly the worldsheet 



fermions that carry the spacetime angular momentum ||T^ 

For minimally coupled spin-1 and spin-2 fields we again find absorption cross- 
sections of the factorized form eq. ^. The factorization turns out to be nontrivial 
for particles with spin s > 1: in intermediate steps of the calculation there is a 
polynomial dependence on /3h = |(/3ij + /3l)- However, this dependence cancels in 
the final expression for emission rates and so our results provide a nontrivial test of 
the effective string model. 

The emission rate for particles with arbitrary spin and total angular momen- 
tum can be written in a concise form that contains fermionic and bosonic degrees of 
freedom on equal footing. This result suggests that the microscopic theory is super- 
symmetric even though we consider black hole backgrounds that are not necessarily 
extremal. The regularity that we see may be a manifestation of the supersymmetry 
that is present in the theory, but broken by the presence of the black hole. Our re- 
sult indicates that for black holes in theories with supersymmetry there is a relation 



between the absorption cross-sections for particles with different spins. This would 
seem to suggest that the effective string is a superstring with supersymmetry broken 
only by the effects of thermodynamics. 

The paper is organized as follows: in sec. |^ we summarize the classical geometry 
of the black holes backgrounds we consider, and in section ^ we describe these black 
holes in the Newman-Penrose formalism. This sets the stage for the derivation of field 
equations for perturbations, in sec. ^ For spin-1/2 and spin-1 we consider "spectator" 
particles that respond to the gravitational field but not to the background gauge 
fields, and are thus minimally coupled. In the case of gravitons we are not able to 
decouple the general perturbation equations but we can do so in an approximation 
that is sufficient to establish absorption cross-sections of the effective string form. In 
sec. § we comment on the features of the field equations, and find the general relation 
between their solutions and the absorption cross-section. This is exploited in sec. ^ 
where approximate wave functions are calculated. In sec. ^ we discuss the final results 
and consider some special cases and in sec. |^ we discuss their relation to the effective 
string theory model. Finally, in sec. |^, we conclude with comments on the generality 
of the type of greybody factors considered here. 

2 The Black Hole Geometry 

We consider the black holes in string theory that are characterized by their mass M 
and four U{1) charges Qi ITTl , [T2| . These quantum numbers are parametrized as: 



1 ^ 
M = 7^/^ E cosh 25, , (6) 

Qi = -fismh25i ; i = 1,2,3,4. (7) 

The gravitational coupling constant in four dimensions is G4 = |. In string theory 
this corresponds to the relation g'^{27i)^{a')^/VQ = 1 between the gauge coupling g, 
the string tension a' and the volume of the six-dimensional compactified space Vq^ 
The black hole metric can be written: 

ds^ = -^df + S(irfr2 + de' + sin^ ^ 



where: 



A = r'-^f^', (9) 

E = Y[{r + -fi cosh 2Si)^ . (10) 



Note that in these coordinates the two horizons are located at: 



r± = ±\fi . (11) 



^The m of [|^ is to = |/Lt and the ro of Q is ro = ^ 



/i. 



The black hole can be interpreted as a generalization of the standard Reissner- 
Nordstrom solution. This special case is obtained by identifying the four charges 
through: 

2Qrn = Qi=Q2 = Q3 = Q4 = ^f^smh26 , (12) 

Mrn = 2ficosh26 , (13) 

and transforming our radial coordinate to the conventional one: 

trn = r + -iJ,cosh5 . (14) 

Then eqs. |]-0 become: 

^RN = 4jv , (15) 

^RN = 4^-2 -MrRN + QIn , (16) 

o 

and the metric eq. ^ indeed reproduces the Reissner-Nordstrom line element with 

Gn = I- 

The entropy and the inverse temperature of the general black hole are: 

S = —^ = 27rfx^Y[cosh5i, (17) 

4G7V i 

2n 
pH = — = 2n fiT] cosh 5i , (18) 

where A and k+ denote the area and the surface acceleration, both measured at the 
outer horizon. We will also need the right (R) and left (L) temperatures that combine 
the respective surface accelerations k± at the outer and inner horizons p!9|: 



Pr - 


27r 27r 
= — + — 


Pl - 


2n 2n 



27r/i(n cosh 5i + \{ sinh 5i) , (19) 

i i 

2nfi(J[ cosh (5, - n sinh 5i) . (20) 

i i 

The metric is a solution to the equations of motion low energy string theory in the 
presence of matter that can be represented as a collection of U{1) gauge fields and 
scalars. For the study greybody factors we will not need the explicit form of these 
matter fields. This state of affairs points to a robustness of this kind of calculation: 
these black holes can be considered solutions to different theories. It is perhaps natural 
to consider the low energy limits of toroidally compactified string theories, namely 
the A^ = 4 or A^ = 8 supergravity theories. However, the full family of solutions is 
still allowed in the bosonic part of the S-T-U-model of A^ = 2 supergravity and they 
are therefore also solutions to A^ = 2 supergravity. Thus, the greybody factors of the 
type found in this paper are generic for black holes that can be embedded in A^ = 4, 8 
supergravity theory, even when this possibility is not realized. 



3 The Newman-Penrose Formalism 

The Newman-Penrose formalism greatly simplifies the consideration of particles with 
spin in curved spacetime. In the following we summarize the basic features and 
define the notation. Here and throughout the paper we rely heavily on the book by 
Chandrasekhar [E0|1. For other introductions to the Newman-Penrose formalism we 



refer to [21, 22 1. Some relevant discussion and applications were given in |15 



The starting point is the choice of a complex null-tetrad. We take: 

1 = -dt + —dr , (21) 

n = dt - -dr , (22) 

2S 2 ' ^ ' 

m = J -{de + i sin ed(f)) . (23) 
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The dual basis is of the form: 



l'd, = dr + ^d, ; n^d, = -^dr + \d, ■ ^'d, = ^i^e - ^^d,) . (24) 



These directional partial derivatives are denoted {D, A, 6) in the Newman-Penrose 
literature but we will not do so, to avoid confusion with other meanings of those 
symbols. The tetrad is normalized so that / ■ n = — 1 and m-m = 1. With our choice 
of basis the vectors n^ and /^ parametrize infalling and outgoing null-geodesies, with 
the condition that the latter geodesic is affinely parametrized. 

In the local frame a vector index is equivalent to two spinor indices. The Clebsch- 
Gordon coefficients a^^^t needed for this translation are conventionally suppressed. 
Thus the covariant directional derivatives can be written: 

V; = Voo' ; V^ = Vir ; V^ = Voi' ; V^ = Vic • (25) 

Tensors are always symmetric in primed and unprimed spinor indices independently, 
but there is no special symmetry relating the two kinds of indices. Spinor indices are 
raised and lowered using the convention x^ = ^^^Xi where e*^^ = 1 = — e^''. 

In the Newman-Penrose formalism the components of the spin-connection, needed 
for the evaluation of covariant derivatives, are referred to as the spin-coefficients. The 
12 complex spin-coefficients have conventional names given as: 

7oo'oo = ^ 7oo'io = e 7oo'ii = tt 

7io'oo = P 7io'io = « 7io'ii = A . 

7oi'oo = cr 7oi'io = (3 7oi'ii = At 

7ii'oo = T 7ii'io = 7 7ii'ii = ^ 

The most efficient way to calculate the spin-coefficients is to use Cartan's structure 
equations. By explicit calculation we find: 

d\ = , (27) 



dn = 5,^1 An, (28) 

am = — — 7;- 1 A m -— n A m H ^=m A m . 29 

4S2 2S V2S 



Comparison with the standard form of the structure equations gives the nonvanishing 
spin-coefficients: 

cot 9 , , 

p = —^ = -a , 30 

2^2^ ^ ^ 

7 = 5.^, (31) 

^ = -^' (32) 

P = -^. (33) 

The spin-coefficients provide the information that is needed to evaluate covariant 
derivatives or, in physical terms, to translate polarization vectors along geodesies. 

The Weyl tensor is the irreducible part of the Riemann curvature tensor after 
the Ricci tensor has been projected out. In four dimensions it has 10 independent 
components that are represented as 5 complex numbers \l/j in the Newman-Penrose 
formalism. For the specific metric we consider most components vanish: 

^0 = ^1 = ^3 = ^4 = . (34) 

This property is the definition of a spacetime that is of type D in the Petrov classifi- 
cation. The last component of the Weyl tensor is non-trivial: 

^^ = -^^A— --(^-LL). (35) 

In its simplest form the Goldberg-Sachs theorem states that the type D property is 
equivalent to: 

K = a = X = u = 0, (36) 

in vacuum spacetimes. This version of the theorem is not applicable in our case, 
because matter is present. However, the spacetime we consider nevertheless has 



both simplifying features, eqs. and |3g. This is important for the consideration of 
perturbations. 

The 10 components of the Ricci tensor are represented in the Newman-Penrose 
formalism as a spinorial tensor ^aba'b' with 9 independent components and the scalar 
A that is proportional to the Ricci scalar. In a spherically symmetric spacetime it is 
only the real components that do not vanish: 

CD - ^ aA^'^ ^(^'^ 3(^^^)% (..) 



<^m'i' - -i^(^-^^)' (39) 

A ^ _A(a^_(^^). (40) 

In deriving these formula the special form of A has been exploited to write dj.A = 2, 
but S has been kept arbitrary. 



4 Field Equations for Perturbations 

In the present article we take the field equation: 

VAA'i^^'''-''''-' = , (41) 

as the starting point for the discussion. This is the natural covariantization of the 
field equation for spin s in flat space. For spin s = 2 the equation is inadequate as 
it stands and additional non-linear terms must be added for consistency. We will 
discuss the required modification for s = 2 later in this section. 

For s = ^ and s = 1 the field equation is consistent but the theory may not 
contain fields that couple to the background in this way. A case in point is the N = 8 
supergravity. In this case the linearized field equations for the fermions with spin 
s = I are (see, e.g., |]23[| ): 

VAA'^f.k + e.,M^mnopFA?B'V''''"''^ = , (42) 

where the 5*0(8) indices have been denoted by small roman letters. (We have also 
suppressed terms proportional to the gravitino perturbations.) The four background 
U{1) fields can be represented after diagonalization as F^^, F^'^, F^^, and F^^. It is 
therefore apparent that in this case the fermions of A^ = 8 supergravity generically 
couple to the background gauge fields. 

A similar situation is found for the vector particles in A^ = 8 supergravity. They 
satisfy the linearized field equations of the type: 

V^A,(5g + zMjOF,f^ = 0, (43) 

where the Mjj parametrize the scalar moduli fields. The vector particles in A^ = 8 
supergravity therefore generically couple to the scalar particles. 

In the present work we only take into account the gravitational couplings of the 
fermions and vectors. The philosophy is similar to that of considering minimally 
coupled scalars in general relativity: it is the simplest couplings that display the 
effects in the scattering phenomena. Naturally it would be interesting to investigate 
the effect of background U{1) charges and scalars in the context of, e.g., N = 8 
supergravity. 

Let us now return to the field equations. In component form they are: 

fc-l k 

- ka^lj^-^ 1 ■ • ■ 1 + [^M^^ + 2(s - /t)/5 - (A; + l)r]^°-° ^ ■ ■ ■ ^ + (44) 



fc+1 fe+2 



+ K(9^ -2(s-k- 1)7 + (2s - fc)^]V'°'''°^ ■ ■ ■ ^ + (2s - A; - l)z/V'°'''°^ ' ' ' ^ = 

fe-i fc 

- A;/t^o...ol---l^^p^^^2(s-A;)e-(A; + l)p]^°-°l---l+ (45) 

fc+l fe+2 

+ [m^9^ - 2(s - A; - l)a + (2s - A;)7r]V^°-° ^ ' ' ' ^ + (2s - A; - l)X^^-° 1 " ' ' 1 = 

for A; = 0, ■ ■ ■ , 2s — 1. Each equation is a relation between only two components of 
the wave function, when k, = a = X = u. In this case each pair of equations in fact 
determines the two components of the wave function. In this way we recognize the 
central role of the type-D property for the decoupling of perturbation equations. 
At this point we use the explicit expressions for the spin-coefficients and find: 

fe fc+i 

Cs-,^P'-'^^^ - A^/^(pL_, _ 2A: + 1 - 2s ^^^o-oT^ ^ q (^g) 

fe+i fe 



where: 



Vn = dr-^+ n^ , (48) 

Vi = dr + ^ + n^, (49) 

777. 

Cn = de + —-: + ncote, (50) 

smt7 

4 = 9e-— - + ncot^. (51) 

smt^ 

We also introduced a rescaled wave function ip through: 

fe fe 

^O-O 1 ■ ■ ■ 1 _ ^-k/2^2^^k/2-s ^o-o 1 ■ ■ ■ 1 _ (52) 

The equations take their most symmetric form when written in terms of ip. We can 
separate variables by writing: 

fe 

^o...ol ■ ■ ■ 1 ^ A-'=/2(2S)^'/2-p,_,(r)5fc_,(f]) . (53) 

The angular functions Sk-s satisfy: 

^k+l-s-^s-k^k-s = —^k-s^k-s , (54) 

^s-k^k+l-s^k+l-s = —^k+l-s^k+l-s , (55) 



where the A^ are separation constants. The radial function Pk-s similarly satisfy: 

A'/'[^L_, - (2A: + 1 - 2s)^]A'/'[V_. + {2k + 1 - 2s)^]P,_., = 

= Ai-^Pk^s (56) 

r)y f)y 

A'/'[V_. +{2k + l- 2.)|^]AV2[pt^_^ -{2k + l- 2.)|^]P,+i_, = 

= Ai+\_,Pfc+i_. (57) 

There is one equation for each of the upper and lower components of the wave function 
Pg and P_s. For the remaining components Px; A = — s + 1, ■ ■ ■ , s — 1 there are two 
equations that are in general distinct. The functions are therefore overdetermined 
and it is only because of the underlying algebraic structure that there are solutions 
at all. Similar comments apply to the angular equations. 

The angular functions embody the properties of the rotation group. We denote 
the total angular momentum of the particle j, its projection on a fixed axis m, and 
the helicity ±s.0 The angular momentum satisfies j > s. The separation constants 
A^_g can be determined by algebraic or analytical methods, with the result: 

AtJs=jij + ^)~ik~s){k-sTl). (58) 

We will only consider the highest and lowest component of the wave function. Each 
is associated with a single separation constant, and their respective values coincide: 

A ^ A^ = Ai+) = jU + 1) - sis - 1) . (59) 

The explicit angular wave functions are known. They are closely related to the Jacobi- 
Polynomials and they are proportional to the rotation matrices: 

S,{n) = e^"^<^4£(^) , (60) 

where k = —s, ■ ■ ■ ,s. 

Our primary interest is the radial equation for the upper and lower components 
of the wave function. The upper one can be written: 



y^iu^ - isuydrA 



A'drA^-'dr + —^ "r ^' + 2isujdrT.+ 




+ ^{s-\)[d/-^) + {s-^)C-^Y + {l-sr-^--^]\P, = AP, (61) 
and the lower one is the complex conjugate. An equation equivalent to this one was 



found by Gubser [15 



We now consider gravitons in more detail. In this case the full perturbation equa- 
tions involve all the components of the curvature tensor, a formidable problem. How- 
ever, in type D spacetimes the radiative parts of the field decouple and form a manage- 
able subset. Namely, we consider perturbations of the (\E'o) ^i? ^3; ^4) components 

^The total angular momentuni is often denoted I. Our notation is intended to avoid confusion 
with the orbital angular angular momentum that plays no role in the present computation. 
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of the Weyl tensor and identify them with the fields {ip^^^^, —ip^^^^, _^oooi^^oooo^ ^^ 
the general calculation. The Weyl tensor is related to the covariant derivatives of the 
spin-coefficients: 

^0 = (^it^df,- p- p* -3e + e)a-{mf'df,-T + 7r* -a* -3P)k (62) 

^4 = K9^ + /^ + /i" + 37-7*)A-(m^9^ + 3a + /5* + 7r-r*)z/ (63) 

Perturbations in the Weyl tensor are therefore necessarily accompanied by perturba- 
tions in the spin-coefficients (k, a, u, A). In the spin-2 case such terms should therefore 
be kept in the derivation above. They always appear multiplied by the non-vanishing 
component of the Weyl-tensor, namely \l/2. 

There is an additional complication that must be taken into account: in the spin-2 
case the rationale for the field equation eq. ^ is its relation to the Bianchi identity. In 
vacuum it is indeed exactly the Bianchi identity but in the presence of matter there 



are additional couplings between {k, a, u, A) and the Ricci tensor given in eqs. |37| - ^ 
The components $ooo'o' and $iii'i' vanish in the Reissner-Nordstrom case but in the 
general case they lead to couplings between (k, a, z/, A) and the complex conjugate 
fields (k*, cr*, u*, A*). This is reminiscent of the Pauli couplings in eqs. |42| - ^ 

The net effect of all this is that we can justify eq. ^ for gravitons, with the 
amendment that certain source terms that are proportional to {k, a, u, A) and their 
complex conjugates must be added. In the Reissner-Nordstrom limit the combina- 
tions of spin-coefficients that appear in these source terms are exactly such that they 



can be eliminated, using the Ricci-identities eqs. p2|-B3. Moreover, the resulting term 



proportional to \l/4 precisely cancel the term in the square bracket of eq. |61| [pO 
For general U{1) charges we are not able to decouple the field equations in a simi- 
lar way and we are left with the source terms. However, a calculation shows that, 
in the approximation that we will use in sec. P, most source terms are negligible: 
they are multiplied by an explicit factor of A that make them vanish close to the 
horizon. Moreover, the cancellations noted in the Reissner-Nordstrom case are still 
approximately valid and ensure that source terms fall off at large distances at a rate 



faster than the angular momentum term A. In the following we will use use eq. ^ 
with the term in the brackets omitted as an approximate decoupled field equation for 
gravitons. This procedure is exact in the Reissner-Nordstom case and it should give 
a reliable indication in general. 

The case of gravitini, i.e. s = |, is similar to that of gravitons: eq. |61| should 
give some guidance but the full equations may contain additional terms. It is possible 
that the correct equations can be found by omitting the term in square bracket, but 
we have made no effort to substantiate this speculation for s = |. However, the 
square bracket vanishes for s = |; and for s = 1 it is simple to verify that it will 
not contribute within our approximation scheme. We will therefore omit this term in 
general and take the approximate equation: 

[A'drA'-'dr + ^'""'"2"'^^'^ + 2isUjdrnPs = APs , (64) 

as a basis for further exploration. This decoupled radial equation applies also for 
spin-0, as can be verified by inspection. An equation of this type was first found 
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by Teukolsky, in the case of the neutral Kerr black hole background, and so it is 



sometimes referred to as the Teukolsky equation p4 



5 The Flux Factors 

The Teukolsky equation eq. IBl is satisfied by the upper component of the wave func- 



tion. The lower component satisfies a different differential equation, namely the com- 
plex conjugate one. In order to solve the scattering problem we must find solutions to 
each of the two equations and, importantly, we must find a relation between the two 
components of the wave function that have thus been identified. The solution to this 
problem is straightforward in the spin-1/2 case: the original first order differential 
equation essentially gives one component as the derivative of the other one. Similar 
results are valid in the higher spin cases where the needed relations are known as the 
Teukolsky- St arobinsky identities. In general it requires a comprehensive analysis of 
the complete system of first order equations to find this result, but for our purpose 
the following approximate procedure is sufficient: at the horizon the two linearly in- 
dependent solutions to the equation for the upper component of the wave function 
are an infalling wave and a solution that vanishes. The corresponding solutions for 
the lower component of the wave function are the complex conjugate ones. In the 
absorption geometry we consider the solution with ingoing flux at the horizon. Using 
the differential equation for the upper component we find the associated amplitude 
at infinity. This cannot be the whole story because the flux at the horizon and at 
infinity are not the same and so there must also be an outgoing flux at infinity, cor- 
responding to the reflected wave. This flux is carried by the lower component of the 
wave function and the magnitude can be determined from flux conservation. In the 
cases we consider the transmission is in fact small and so the reflected flux is identical 
to the incoming one, up to quantities of subleading order. It is therefore sufficient to 
consider only the upper component of the wave function. 

The discussion in the previous paragraph applies to a particle in a specific helicity 
state. The corresponding treatment of particles with the opposite helicity simply 
involves complex conjugation and the interchange of upper and lower components 
of the wave function. For this reason the two helicities lead to the same absorption 
cross-section, as expected for scattering off a parity invariant target. We consider the 
particles with left-handed chirality, for definiteness. 

We now turn to the main task of this section, to determine the flux factors that 
are needed to convert the upper component of a wave function to an absorption 
cross-section. The general result: 



7r._. ..,„2 



^absH = -(2J + l)|T|^ (65) 



LU 



reduces the problem to one of transmission in one spatial dimension. We normalize 
the wave functions at infinity as: 

pioc) _ ^{°o)(2rcj)2^-i e"*'^" . (66) 
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Similarly, close to the outer horizon of the black hole: 

Pf ~Af(r-r+)-*^ . (67) 

After this general statement of the problem we consider each case independently. 



spin 1/2 : 


The conserved current is: 




-L jM = a%,rr 


where: 


^ 1 / /^ m^ 



(6^ 



(69) 



Recalling the definition of the radial wave functions eq. 53 the radial current becomes: 



J' = -^i\Pi/2S,M' - \P-i/2S-y2\') ■ (70) 

We normalize the angular wave functions: 

^l\s±,fdn = i, (71) 

and so the final result for the infalling flux becomes: 
1 dN I 



271 dt 2-71 



I r j: sin eded<f)= |Pi/2p- IP-1/2P • (72) 



This formula can be used both at the horizon and at infinity. The effective two- 
dimensional transmission coefficient is therefore simply: 

a(0) 

^1/2 

spin 1: For spin s > ^ there are no conserved currents. However, the flux factors 
can be inferred from the flow of energy. For a spin-1 fleld the energy momentum 
tensor is: 

T'^^ = 2a%a^^^,i;^^i^^'^' . (74) 

This works out to: 

T'-* = -^(|Pi5ip-|P-i5_ip). (75) 

The local energy of photons is corrected for redshift according to: 

E = \e^ = ^. (76) 
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and so the inflowing flux becomes: 

^^ = _^ [^T'T.dn = — fAT''dQ = ^{\P,f-\P^,f). (77) 

2n dt 27tJe 2nuj J 2Scj^' ' ' ' ^ ^ ' 

In the vicinity of the horizon S ~ ^f^Pn while at infinity S ~ r^. The effective 
transmission coefficient becomes: 






T,=iK = — — l^m' . (78) 



spin 2: In the spin two case there is in general no conserved energy momentum 
tensor. For this and related reasons it is somewhat ambiguous to refer to a spin-2 
field propagating in a general curved spacetime. We proceed as follows. First consider 
the Bel-Robinson tensor: 

T'^-^^'^ = M^^a^B'^&c'^Sz.'^^^^^V^^'^^'^''^' • (79) 

In spherically symmetric spacetimes a special role is played by the specific component: 

T^*" = -I^(l^2^2p - \P-2S-,\') (80) 

The energy momentum tensor for weak gravitational field can be formed using the 
timelike Killing vector df. 



1 dE f ,„».+++ , A . o Sdii 1 /, „ ,o , „ ,ox / X 

sir = -/^ *'(s:) ^ = lis^'i^'i - i^-i ' («^' 

This expression is applicable only in the weak field case, i.e. in the asymptotic 
regime. If it were rewritten in terms of the metric tensor it would be related to the 
second time derivative ~ /i^. This should contrasted with, e.g., electromagnetic waves 
where only a single time derivative appears. The extra derivative was compensated 
for by dividing out with the square of the frequency, thus arriving at an expression 
with correct dimensions. 

The energy momentum inferred from the Bel-Robinson tensor is conserved in 
all static black hole spacetimes. However, in order to arrive at a proper measure of 
graviton number close to the horizon we must integrate with respect to proper distance 
along the world line, rather than simply dividing by the redshifted frequency. The 



resulting energy flux close to the horizon is given by eq. ^ with the replacement 

Lu"^ ^ Lj"^ + i^Y. The flux factor now becomes: 

where Shor = ^fJ'Pn- The peculiar polynomial dependence in Ph is novel, and des- 
tined for a special role in the argument. 
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In the book by Chandrasekhar |2^ a different procedure is employed to find the 



flux factor for a spin-2 field. The starting point is the first law of thermodynamics that 
relates changes of the black hole mass to changes of the horizon area. Subsequently 
variations in the area are related to variations in the spin-coefficients, using a focusing 
theorem (essentially eq. ^2]). Finally the variations in spin-coefficients are identified 
with the perturbation in the Weyl tensor, using the Ricci identities. We have adapted 
this procedure to our case and recovered the result eq. |5^. This gives confidence that 
the flux factor for the graviton has been correctly identified. 

6 The Absorption Cross-section 

The general field equations cannot be solved exactly. However, we are interested in 
various limits where the absorption is weak. These cases have the dual advantage 
that analytical approximations are available, and that the results have the same form 
as correlation functions in string theory. The limits are: 

• The dilute gas regime: exactly three of the four boost parameters are large, say 
5j ^ 1 ; i = 1, 2, 3 with ^4 ~ 1. In this case the black hole parameters are such 
that the inverse temperatures /3_r ~ /5i, ~ j3h are much larger than the size of 
the black hole. 

• Very low energy perturbations, cu — ^ 0. The black hole parameters can be 
arbitrary. 

• Large partial wave number j ^ y^iucU- The black hole parameters can be arbi- 
trary. 

Either of these limits is sufficient to allow the approximation scheme that has recently 
been exploited in similar calculations (references include |2^, ^, ^ |, |^, ^): first 



we solve the equations in the vicinity of the black hole, then in the region far from 
the black hole, and finally the solutions are matched in the intermediate region. A 
particular point is that some results apply to arbitrary black holes and so suggest 
that the effective string model applies even far from extremality |1^, |2^ . 



The horizon region: To find an equation that is accurate in the region close to 
the horizons we expand the function S defined in eq. |10|: 

Y? ^ i/x3(r + l/i)ncosh2'5,,-1^3(^_l^)-Qgi^h2^, + 0(r2-l/x2) (83) 
S ^ -M^ + -/i)ncosh<5,--/i(r--/x)nsinh<5i + 0(r2-— ^2^ . (84) 

i i 

In the first equation the omitted term is a polynomial with an explicit factor of 
r^ — Y^fi^ while in the second it is an irrational function that vanishes at both the 
horizons. Introducing the surface accelerations at the outer and inner horizon: 

— = /^ IT cosh 6i ; — = A* TT sinh 6i , (85) 

«:+ Y ^- i 
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and the radial variable x, defined through r = |/ix, we find the field equation that 
applies in the horizon region: 

«^' - i>'i'^' - i'"'i - (^' + ^)(^' + ' - ^' + 

We consider the equation for the upper component of the wave function, with the 
one for the lower component found by complex conjugation. This field equation is a 
second order differential equation and so has two linearly independent solutions. A 
basis can be chosen so that they satisfy ingoing and outgoing boundary conditions at 
the horizon, respectively. In the absorption geometry it is the ingoing solution that 
is relevant: 

pf'w = 4°'(;^)-*(^+i)-'-'x 

where F is the hypergeometric function. At large a; ^ 1 the last argument of the 
hypergeometric function approaches the radius of convergence \z\ = 1 so this repre- 
sentation of the wave function is inappropriate for asymptotic expansion at large x. 
This situation can be rectified by a modular transformation of the hypergeometric 
function^. In the new representation: 

p(0) ^ ^^(0V+. Ti2J + ml-s-^^) 1 logx 

The leading power corrections and the leading logarithmic corrections have been 
indicated independently. 

The asymptotic region: The next step is to expand for large r. Terms of order 
r^ and r are retained, as is the angular momentum eigenvalue. After introducing the 
rescaled variable x = 2r/^ that was also used in the horizon region the equation can 
be written: 

[x^'d^x'^^^-'^d^ + ^/i^wV + jfiMu^x + isfiux - (j + s)(j + 1 - s)]P,^'^^ = (89) 

The regular solution is proportional to: 

pioo) ^ ^(00) r{l+j + s + lMu;) ^^^^^^._,, ^^^,^^M. ^ 

i [Zj + Z) 

X Mxil+j - s-jMuj,2j + 2,inujx) . (90) 



^Note that in the hypergeometric function of eq. pj the sum of the first two arguments minus 
the third equals an integer. This is a degenerate case that needs special considerations, as given in, 
e.g., (28|. The appearance of logarithmic terms is related to this special circumstance. 
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With the overall normalization that has been indicated the asymptotic behavior at 
large x is: 

while at small x: 

Pi-> . Mf' «±i±|±MM,,..).- ,1 + 0(.)| . (92, 

The matching: At this point we combine the approximate solutions that apply in 
separate regions and form a single wave function that can be used throughout. To 
justify this procedure in the case of particles with spin we must extend the argu- 
ments previously given for scalar particles. The wave equation includes a term of the 
schematic form: 

— x^f/uj^ + xfiMuj^ - f/co^e^^ + -PrPluj^ . (93) 

A X 

In the dilute gas regime the parameters of the black holes are M ~ /xe^*^ and Pr ~ 
Pl ~ /ie^"^; and frequencies satisfy ^u <^ e^"^^. The restriction on frequency is mild 
enough that the interesting region iSjiu ~ Pl^ ~ 1 is covered. Now, for x ~ e^^ we 



find by inspection of eq. ^ that all terms are small. Similarly, in the same range of 

x: 

uj'EdrA cuS 9r.A cuS _ ,„,, 

< 1 (94) 



A VA VA VA 

and, after a short calculation: 

usdrJ: ~ fiioe^^ < 1 . (95) 

Thus the radial dependence of the wave function is determined by the kinetic term for 
X in this range. At smaller x the horizon approximation gives the dominant terms, 
at larger x the asymptotic equation is accurate, and in the matching region both 
equations apply and are dominated by the kinetic operator. It is therefore justified, 
in the dilute gas regime, to identify the large x approximation of the horizon wave 
function (eq. ^S|) with the small x limit of the asymptotic wave function (eq. P^ ). 

When the frequency is very small fiuj —>■ the matching procedure is similarly 
justified: the matching region can be chosen at a; ~ 1, while avoiding the outer 
horizon at x = |. For large partial wave number j ^ (/icj)^/^ the argument is slightly 
different |27, 1^: in this case there exist a matching region x ~ 1 where the angular 



momentum term ~ j dominates all other terms. In this region the wave function is 
determined by the kinetic term and the angular momentum term while, at x smaller 
or larger than the matching region, the horizon and the asymptotic equation applies, 
respectively. 

Applying the matching procedure we find: 

Ui°°)' ^^ ' r(2j + 2)2r(2j + i)2 
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X I ^ -" — ^" ' ^ ' ■ — ^^P . (96) 



Taking into account the flux factors, considered in tlie previous section, tliis translates 
into the absorption cross-section: 

( ^ 2,-1 2,+i ef^-|r(l+j + g + |M^)|% ^ 

X |r(i+,+.§^)r(i + ,-. + .^)rx( ^^W^ (97) 

where the upper line is for half-integer spin s = | and the lower line is for integer 
spin s = 0, 1, 2. At this point we recall the identities: 

e-^\V{-+i—)? = ; e-2ri + z— P = . 98 

' ^2 27r^' e" + l ' ' ^ 27r^' e" - 1 ^ ^ 

The last terms in the absorption cross-section therefore gives rise precisely to the 
thermal factors in the numerator that are needed to cancel the thermal factors in the 
denominator of Hawking's expressions eq. ^ and eq. |^ for the emission rates of bosons 
and fermions, respectively. Thus the emission rate becomes: 

Ten^M = u^ ^^^ 2r(2j + 2)2r(2, + If ^'^ + ^^ " 

X e- 4 |r(l+j+^^)|2e- 4 |r(l+j-s + ^^)|2-^^ (99) 

This expression is our main result. It exhibits interesting features: the dependence on 
Hawking temperature disappeared and so the factorized form expected from an effec- 
tive string description is manifest. Moreover, the spin dependence takes a surprisingly 
simple form. 

In eq. ^ for the ratio of the wave function normalizations at the horizon and at 
infinity a factor of |r(l — s -|- i^^^)\'^ appears in the denominator. This is a potential 
source of problems for s > | because, after expansion of the Gamma-function, there 
will be a polynomial dependence on jSn in addition to the thermal factors. It would 
be very difficult to reconcile a dependence on Ph = \{Pr + Pl) with the factorized 
correlation functions expected from an effective string description. It is therefore 
important that the flux factors derived in the previous section precisely cancel these 
potentially dangerous terms. The cancellation that appears here is a novel one that 
does not show up when considering spin-0 particles. 

The non-extremality parameter /i parameterizes the coordinate distance between 
the two horizons fi = 2(r+ — r_). This quantity therefore does not appear to have 
fundamental significance. In macroscopic applications it is natural to trade it for the 
entropy S and Ph'- 

S = 2A = /i/?H • (100) 

It is less clear what the appropriate microscopic variable is, but a natural represen- 
tation is to eliminate /z in favor of the effective string length C given by ^^ ^ : 
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C = ^^^^ = 27r/i3(n cosh^ 6,-11 sinh' ^i) • (101) 

2^ i=i i=i 



7 Results 

In this section we write the results of the previous section in a more digested form 
and discuss their structure. 



Large angular momentum: In this case (j >> y/fioo) the expression for the 
emission rate (eq. ^) is valid for arbitrary black hole background. The result can be 
rewritten explicitly in terms of the thermal factors as follows: 



P/?(f) PL(f) d'k 



reT» = AA^s ^,S'\ ...:/.. 7K-r.^ (102) 



3 J+^e/5flW2_i e/3i'^/2-l (27r) 
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■^fermions/ \ _ a r "^U) "l[ 2> " ^ 



p^ermions^^^ _ ^.C^^^_____ -^-j^—^ -^ . (103) 



The Aj are the prefactors: 



''•' 2|(2j + l)!(2i)!]= • ^"'*' 



that are independent of the mass M and the spin s. This dependence is carried by 
the Coulomb factors Cj+s given by: 

Pr(-) 

where: 

Pc(|) = ^o;(^)^^+-+^ n [(|)^ + (|)^]. (106) 

Note that Cj^s ~* (j + s)!^ in the limit Mu — > 0. The exponential factors with pa- 
rameter ^vrM = 2'kGnM reflect the long range interaction caused by gravity in four 
dimensions. These terms are not specific to the black hole geometry, but it is never- 
theless interesting that their form is reminiscent of the thermal factors. This result 
suggests that Coulomb factors may also have a statistical origin in the microscopic 
theory. 

The polynomials Pr{^) are: 

^r°-(|) = M^?'^' m^? + i^-^n , (107) 

fc=i '"^^ 



:io8) 



for bosons and fermions, respectively, and the Pl{^) are: 

P,(|) = vrc.(|)^--+^ n [(|)^ + (^)l- (109) 
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for both fermions and bosons. The emission rates eqs. |102 -103 has precisely the 



factorized form that was advertised in the introduction (eq.^ and eq. ^. For scalars 



the resuh s = agrees with that of H, ITOl. Interestingly, the thermal factor of the 



left-moving sector is always of the Bose-Einstein type, but the thermal factors of the 
right-moving sector correlate with the spin-statistics of the emitted particles: they 
are of the Bose-Einstein type for bosons and of the Fermi-Dirac type for fermions. 
This result is in agreement with the structure of the thermal quantities of rotating 
four-dimensional black holes: only the right-moving temperature and entropy depend 
on the angular momentum of the black hole. 

Minimal total angular momentum: In this case j = s and the emission rates 



eqs. p.02| - |103| are valid for the black hole parameters of the dilute gas regime. Then 



the rates take a relatively simple form: 

em [^) 2^^e/3W2 _ 1 e/3^-/2 - 1 (27r)3 ' ^''''> 



'/3ii\5rr2 \{UJ\2 j_ (2TTk\2] 






3, ,5 7]-u;l 



UJ fl 



iruLAiif + Cjt)"] Plu:/2 d^k 



^emK^) ^Q^4,^2 e/3«-/2-l e^W2 _ 1 (27r)3 ' ^ ^ 

To arrive at these formulae we used the low energy form of the Coulomb factor 
^23 = [(2s) !]^. In each case the left-moving sector reduces to a single term thus 
indicating a "minimal" (bosonic) excitation in this sector, while the right-moving 
sector indicates progressively more involved structure of excitations as the spin of 
the particle increases. The spin- dependence of the emission rates is "stored" in the 
right-moving sector, only. 

The low-energy absorption cross-section: At very low energy the absorption 
is dominated by the leading partial wave j = s and the expression eq. ^ is valid in 
any black hole background. We find: 

<bf(^^0) = lf^PH = A, (114) 

^17(^-0) = ^, (115) 

^abs (w ^ 0) = ^^ , (116) 

^abs(^^O) = -^^^- (117) 
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The result for the minimally coupled fermions agrees with the expression found 
in [00. As noted in that reference the absorption cross-section of minimally coupled 
fermions vanish in the extremal limit n ^ 0. The result is also in agreement with 
the low energy absorption cross-section for the Schwarzschild black hole backgrounds 
with minimally coupled scalars and Dirac fermions |3C 

8 Microscopic Interpretation 



The factorized form of the emission rates eq. |9^ indicates an interpretation in terms 
of multi-body annihilation rates in an effective string model. We can write the result 
for the emission rate as: 



[LO 



where: 



A,C,^M2hnn2h,)if^r--\(^r^-^G',- (I) Gj^ (I) , (118) 



/a;N _ .2vr^^^^^^ |r(/.+ f^)P 

^^\2) = ^T n2h) ■ ^^^^> 



The prefactor Aj and the Coulomb factor Cj+s are defined in eq. p.U4] and eq. |105 
respectively. In the effective string description the Gp'^'^i^) are the Fourier space 
representations of the canonically normalized thermal Green's functions for a primary 
field with the respective right- and left-moving conformal dimensions h^^L '■ 

We now arrive at a qualitative interpretation of the emission in terms of a (4, 0) 
super-conformal field theory. The fields responsible for the emission have conformal 
dimensions: 

{hR,hL) = {3 + l,3-s + l). (121) 

The left-moving sector involves only fields with the integer conformal dimensions 
(bosonic string excitations), while the right-moving sector involves conformal fields 
with both integer and half-integer conformal dimensions (both bosonic and fermionic 
string excitations). The effective string description is therefore "heterotic". Note that 
we are describing the emission in terms of irrelevant operators, i.e. (/ir, hi) > 1. This 
result embodies the correct physics: the amplitudes vanish for low energies with the 
power of frequency related to the conformal weight in a simple way. 
A few remarks are in order: 

• Particles with the minimal total angular momentum j = s correspond to the 
conformal dimensions: 

{hn, hL) = {l + s,l) . (122) 



8/3| 



*The g^ of y is 5H = Iff = 16 n. cosh (5,, 
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We may interpret the result as the emission of 1 boson and 2 s fermions in 
the right-moving sector, colhding with 1 boson in the left-moving sector. The 
pattern of conformal weights also suggests that the emission rates of the nearby 
integer and half-integer spin particles are correlated in the microscopic picture 
with the emission of the nearby components of the world-sheet superfields of the 
right-moving sector Q It is possible that the super conformal symmetry of the 
right-moving sector would enable one to derive a precise relationship between 
emission rates for particles with different spins. 

The frequency dependence of the emission rates can be understood as follows. 
First of all the many-body kinematics of the initial state is taken into account 
by the Green's function. The prefactor scales as u;^-'"^ and is interpreted in the 
same way as the higher partial waves of minimally coupled scalar fields |^, ^ 



y, [1^: the outgoing wave has a normalization uo and each unit of angular 
momentum requires one derivative in the interaction term. This gives u^ in the 
amphtude, and oj"^^ in the rate. The same argument also applies to particles with 
spin, except that for fermions the wave function normalization is independent of 
cu, and only the integer part of the angular momentum gives rise to a derivative 
term. 

The dependence of the remaining dimensionful quantities is not understood very 
well. A particular feature of the present problem is that the powers of I3r and 
(3l that appear in eq. |118| differ by a factor 2{hR — h^) = 2s. This asymmetry in 



the couplings is likely to be related to the asymmetry between the two sectors. 
It is an important problem to construct a concrete model that exhibits this 
feature. This asymmetry also prevents us from combining the fin^L and the /i 
parameter into a single parameter C — the string length (eq. [TUT]). In general, 
there are therefore different relevant scales. 



• A microscopic calculation of the overall numerical coefficient in eq. |118| is not 
feasible, yet. However, the microscopic picture that is needed should be robust 
and so one expects that such a factor could be derived from group theoretic 
factors that could follow directly from the algebra of the microscopic theory. 

The quantitative microscopic description of the effective string is thus incomplete. 
However the qualitative picture in terms of correlation functions of primary fields 
of a (4, 0) conformal field theory is already apparent at the current level of our un- 
derstanding. In the recent microscopic derivation of the entropy of extremal black 
holes in four dimensions an auxiliary (4, 0) conformal field theory appears promi- 
nently 1^ ^. This is very suggestive, but the precise connection is not clear. 



9 Concluding remarks 

We would like to conclude with a number of outstanding questions. 

^Conformal dimensions of the components of the world-sheet superfield differ by 1/2. 
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It is an important task to determine the generality of the kind of greybody 
factors discussed in this paper. For example, it is not yet clear if the special 
properties of black holes that can be interpreted as solutions of the effective 
toroidally compactified string theory, i.e. solutions to specific A^ = 8 or A^ = 4 
supergravity are needed. 

We did not complete the decoupling of the gravitational perturbation equations. 
It is actually not clear that this is possible; indeed it was a surprise when it 
was first accomplished for the Reissner-Nordstrom case. It would be desirable 
if the underlying supersymmetry supplies the structure needed to ensure such 
a decoupling. 

The Newman-Penrose formalism is peculiarly well-adapted to the problem of 
black hole perturbations but it seems specific to four dimensions. It would be 
interesting to consider higher spins also in the five- dimensional case. For the 



specific example of spin-1/2 fermions some results were obtained in |16 



Another major challenge is to allow for rotating black hole backgrounds. In this 
case it is not obvious that the variables in the field equations can be separated 
thereby reducing the problem to effective one dimensional scattering. It is in- 
deed surprising that, for minimally coupled scalar fields in rotating backgrounds. 



the equations do exhibit the desired separability both for four-dimensional ||T0| 
and five-dimensional |^3 general rotating black hole backgrounds. If a simi- 
lar simplification takes place for fields with spin the resulting greybody factors 
would necessarily be of the form considered in this paper and the main quali- 
tative change that would be expected is the replacement: 

Pru ^ Pru - mPn^ , (123) 

where Q is the rotational velocity of the black hole and m is the projection of 
the total angular momentum onto the axis of rotation. The thermodynamic 
quantities Pr^s and Sr^l would also acquire dependence on the rotational pa- 
rameter of the background, as it was made explicit in |T^ . The reason that it is 



possible to anticipate the answer in the rotating case on general grounds is that 
the computations leading to greybody factors of particular interest in string 
theory are independent of many details: they only depend on the structure of 
the black hole in the vicinity of the two horizons and at asymptotically large 
distances; and these features can be inferred from general principles (global 
spacetime structure of the such black holes), rather than explicit calculations. 
The robustness that manifests itself in this way suggests universal properties of 
the underlying microscopic theory. Specifically it would seem that the struc- 
ture involving independent potentials of left and right moving modes should be 
generic. 
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